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Based on our recent holon-pair boson theory of the t-J Hamiltonian (Phys. Rev. B 64, 052501
(2001)) we report the doping dependence of the bose condensation energy, superfluid weight and
spectral peak intensity. We find a universality of doping dependence in these physical quantities,
by equally showing an arch shape in the variations of their magnitudes with the hole doping con-
centration. We find that all of these physical quantities scale well with the positive charge carrier
(hole) density x, but not with the electron density 1 − x for the entire range of hole doping. It is
shown that the doping dependence of the condensation energy U at T = 0K is given by the relation,
U(0) ≈ αx2|∆0|
2 with ∆0, the pairing gap at 0K and α, a constant.
PACS numbers : 74.25.Bt, 74.25.Jb
In conventional superconductors, condensation energy
U is well explained by the BCS theory based on the Fermi
liquid picture, that is, U = 1
2
N(0)∆20, where N(0) is the
density of single-electron state at the Fermi surface in
the normal state and ∆0, the superconducting gap at
zero temperature [1]. On the other hand, with increas-
ing electron density 1 − x or with decreasing hole den-
sity x underdoped high Tc cuprates have revealed an un-
usual doping dependence by showing a decreasing trend
of the condensation energy U and an increasing trend
of zero temperature gap ∆0 [2–5]. Most recently experi-
mental studies of condensation energy are reported based
on the specific heat measurements of La2−xSrxCuO4 by
Momono et al. [5] and Loram and Tallon [2]. Their es-
timations of the condensation energy from the specific
heat measurements showed a good agreement in the over-
doped region but not in the underdoped region. Momono
et al. [5] reported from their electronic specific heat mea-
surements that the observed condensation energy in the
underdoped region does not correlate well with the con-
ventional BCS condensation energy for the Fermi liquid
and, thus, can not be explained only by the reduction of
N(0). Instead they were able to fit the observed conden-
sation energy by introducing an effective superconduct-
ing gap ∆eff = bx∆0 in place of ∆0 in the BCS formula
[5]. Here x is the hole doping concentration and b, a con-
stant. This implies a strong hole (positive charge carrier)
dependence of the condensation energy.
There exist various levels of theoretical studies of con-
densation energy for high Tc cuprates. Earlier Scalapino
et al. [6] suggested that the condensation energy should
be proportional to the change in the exchange energy be-
tween the superconducting state and the normal state
if the antiferromgnetic interaction is responsible for the
superconductivity. Norman et al. [7] pointed out that
condensation energy is related to the changes in the spec-
tral function between the superconducting state and the
normal state. Most recently, based on the slave-boson
approach to the t− t
′
−J model, Li et al. [8] showed that
the condensation energy decreases with the increase of
hole doping in the overdoped region. Abanov et al. [9]
showed from the use of the spin-fermion model that the
condensation energy is contributed from both the reso-
nance peak at Q = (pi, pi) and a wide range of frequen-
cies up to J . Recently Feng et al. [10] showed that both
the superfluid weight and the superconducting peak ratio
(SPR) have a similar doping dependence as the condensa-
tion energy. Further, to the best of our knowledge there
has been no theoretical report of comprehensive investi-
gations paying attention to possible correlations between
the condensation energy, superfluid weight and spectral
function. Presently, there exists a lack of comprehensive
theoretical study dealing with a full range of doping de-
pendence of the condensation energy which covers both
underdoped and overdoped regions.
Earlier, based on our improved holon-pair boson theory
[11] we obtained the arch-shaped superconducting tran-
sition temperature as a function of hole concentration in
agreement with the observed phase diagrams. Further
this theory predicted the peak (Drude peak)-dip-hump
(mid-infraband) structure of optical conductivity below
Tc in agreement with observations [12]. In this work,
employing the same theory, we present a comprehensive
study of the condensation energy, the superfluid weight
and the spectral peak intensity at (pi, 0) and discuss our
findings on correlations between these physical quantities
and the universality of doping dependence of the bose
condensation energy, the superfluid weight and spectral
intensity.
We write the t-J Hamiltonian,
H = −t
∑
<i,j>
(c†iσcjσ + c.c.) + J
∑
<i,j>
(Si · Sj −
1
4
ninj). (1)
1
Here Si is the electron spin operator at site i, Si =
1
2
c†iασαβciβ with σαβ , the Pauli spin matrix element and
ni, the electron number operator at site i, ni = c
†
iσciσ.
Using the single occupancy constraint and thus ciσ =
b†ifiσ [13,14] (with fiσ, the spinon (spin 1/2 with charge
0) annihilation operator of electron spin σ and b†i , the
holon (charge +e with spin 0) creation operator at site
i), the U(1) slave-boson representation of the above t-J
Hamiltonian is obtained to be
H = −t
∑
<i,j>
(f †iσfjσb
†
jbi + c.c.)
−
J
2
∑
<i,j>
bibjb
†
jb
†
i (f
†
↓if
†
↑j − f
†
↑if
†
↓j)(f↑jf↓i − f↓jf↑i)
+i
∑
i
λi(f
†
iσfiσ + b
†
ibi − 1), (2)
where λi is the Lagrange multiplier field to enforce the
single occupancy constraint at each site.
The second term of the above equation shows the cou-
pling between spin(spinon) and charge(holon) degrees of
freedom. Let us take a look at the necessity of retain-
ing the charge degree of freedom. The Coulomb repul-
sion term in the Hubbard Hamiltonian is decomposed
into Uni↑ni↓ =
U
4
(ni↑ + ni↓)
2 − U
4
(ni↑ − ni↓)
2, repre-
senting both the charge (the first term) and spin (the
second term) degrees of freedom. It should be noted
that the Hubbard Hamiltonian is mapped into the t-J
Hamiltonian in the large U (Coulomb repulsion) limit.
Thus the neglect of the charge degree of freedom in the
interaction term of the t-J Hamiltonian is physically in-
correct. The Heisenberg term Si · Sj −
1
4
ninj leads to
the coupling between the charge (holon pairing) and
spin (spinon pairing) degrees of freedom as shown by
− 1
2
bibjb
†
jb
†
i (f
†
i↓f
†
j↑ − f
†
i↑f
†
j↓)(fj↑fi↓ − fj↓fi↑). In the lit-
erature such charge contribution is often neglected. The
uncertainty principle exists between the number density
(amplitude ) and the phase of a boson order parameter.
For charged bose particles like the Cooper pairs, the num-
ber density fluctuations imply the fluctuations in charge
density. For short coherence length superconductors, the
local (or short range) charge density fluctuations need to
be taken into account. Thus, not only the phase fluc-
tuations but also the local charge fluctuations should be
admitted for high Tc superconductors as manifestations
of quantum fluctuations . In the present study we re-
tained such charge (holon) part of contributions.
After Hubbard-Stratonovich transformations and
saddle-point approximation, we obtain the mean field
Hamiltonian for the U(1) theory [11], HMF = H∆,χ +
Hf + Hb, where we have for the saddle point contribu-
tion of the order parameters,
H∆,χ =
∑
<i,j>
[J ′
2
|∆fji|
2 +
J
′
4
|χji|
2
+
J
2
|∆fij |
2|∆bji|
2 +
J
2
|∆fji|
2x2
]
, (3)
for the spinon sector,
Hf = −
J
′
4
∑
<i,j>,σ
[
χ∗ji(f
†
jσfiσ) + c.c.
]
−
∑
i,σ
µfi
(
f †iσfiσ − (1− x)
)
−
J
′
2
∑
<i,j>
[
∆f∗ji (fj↑fi↓ − fj↓fi↑) + c.c.
]
, (4)
and for the holon sector,
Hb = −t
∑
<i,j>
[
χ∗ji(b
†
jbi) + c.c.
]
−
∑
i
µbi (b
†
ibi − x)
−
∑
<i,j>
J
2
|∆fij |
2
[
∆b∗ji (bibj) + c.c.
]
, (5)
where J
′
= (1 − x)2J , χji =< f
†
jσfiσ +
4t
J
′ b
†
jbi >,
∆fji =< fj↑fi↓ − fj↓fi↑ >, ∆
b
ji =< bjbi >, and µ
f
i (µ
b
i ),
the spinon (holon) chemical potential. We obtain the free
energy for the U(1) theory [11],
F = NJ
′
(
∆2f +
1
2
χ2
)
−2kBT
∑
k
ln[cosh(βEfk /2)]−Nxµ
f − 2NkBT ln2
+NJ∆2f(∆
2
b + x
2) + kBT
∑
k
ln[1− e−βE
b
k ]
+
∑
k
Ebk + µ
b
2
+Nxµb, (6)
where Efk and E
b
k are the quasiparticle energies of spinon
and holon, respectively. Here β = 1
kBT
and N , the num-
ber of sites.
The condensation energy is the energy difference be-
tween the normal state and the superconducting state at
0K. In the present theory, the superconducting state is
characterized by the presence of hole-pair bose conden-
sation as a result of coupling between the holon pair and
the spinon pair. Thus the condensation energy density is
given by
U =
1
N
[FN (χ,∆f ,∆b = 0)− FS(χ,∆f ,∆b)] . (7)
Here, FN is the free energy of the normal state obtained
from setting ∆b = 0 and FS , the free energy of the su-
perconducting state. With the choice of J/t = 0.2 Fig. 1
displays the doping dependence of condensation energy
density (solid circle) at zero temperature and the dop-
ing dependence of superconducting transition tempera-
ture Tc (open circle) respectively. Both cases showed an
2
arch shaped variation of their magnitudes as a function
of hole doping as shown in the figure. The condensation
energy is shown to increase with increasing hole concen-
tration up to a critical value xc which occurred above the
optimal doping xo (predicted at 0.07). Such trends are
in complete agreement with observations. However, we
can state that only qualitative agreements with observa-
tions [2,5] are achieved since there exists a quantitative
shortcoming of predicted optimal doping value.
Here we discuss the physics involved with the conden-
sation energy. The last term in Eq.(5) represents the
coupling of the holon pairing (∆b) channel to the spinon
pairing (∆b) channel which causes to form the Cooper
pairs. Thus this simple coupling term holds a key. It
is readily understood from this coupling term that the
Cooper pair order parameter diminishes when the spinon
pairing order parameter becomes smaller in the heavily
overdoped region. Indeed, in agreement with observa-
tions [2,5], the computed condensation energy showed an
arch shape as a function of hole doping concentration by
exhibiting a diminishing trend in the overdoped region.
In order to see correlations with the condensation energy,
we computed the the mean field energy of J
2
|∆f |
2|∆b|
2
corresponding to the last term in Eq.(5). The magnitude
of the condensation energy scales well with the mean field
energy of the hole pair (a composite of the spinon pair
and the holon pair) term (the last term in Eq.(5)) in that
they have nearly the same order of magnitude variation
over the most range of hole doping. The magnitude of
condensation energy increases with the Heisenberg ex-
change coupling strength J at all doping concentrations
x. Based on the combinatory study of both the x and
J dependence of condensation energy we find that the
strength of the Heisenberg exchange coupling is respon-
sible for determining the magnitude of bose condensation
energy, while the coupling between the spinon and holon
pair channels induces the arch shaped structure of bose
condensation energy as a function of hole doping concen-
tration, as shown in Fig. 1 and Fig. 2(a).
We now seek a scaling relation between the condensa-
tion energy and the hole doping concentration x. The
computed condensation energy for both the underdoped
and overdoped regions is well fit by the following relation,
U = J |∆f |
2|∆b|
2 ≈ αx2|∆0|
2 with α = 0.25/J , as shown
by the solid line in Fig.1. Here the pseudogap is obtained
to be ∆0 = 2J(1−x)
2∆f in our U (1) slave-boson theory
[15]. The pseudogap ∆0 below the superconducting tem-
perature Tc is observed to be the superconducting gap
[7,10,16,17]. This is the gap also used by Momono et al.
for their determination of the empirical relation for fit-
ting the observed condensation energy which is given by
U = aN(0)x2∆20 with a, a constant. Our theory agrees
well with the empirical relation obtained by Momono et
al. [5] in the sense that 1. the condensation energy is
well fit as a function of the hole density but not the elec-
tron density even in the overdoped region, and 2. there
exists a strong doping (x) dependence of condensation
energy. However there exists a discrepancy in the power
of x (effectively x3 dependence in their case).
For comparison of our predicted condensation energy
with experiment, we find the maximum condensation en-
ergy at critical doping xc = 0.1 to be Umax = 6.40×10
−5t
(per site) with the choice of J/t = 0.2. With the use of
t = 0.44eV [18] this value corresponds to 2.7Joule/mole.
This result is reasonably close to the observed value
of condensation energy (Umax ≈ 3Joule/mole) of the
single layer La2−xSrxCuO4 compound [5]. The maxi-
mum condensation energies are predicted to be 1.64 ×
10−4t (6.9Joule/mole) for J/t = 0.3 and 3.13 × 10−4t
(13.2Joule/mole) for J/t = 0.4, showing a rapid increase
of U with J .
To study correlations between the condensation energy
and other physical quantities, in Fig. 2 we display the
computed doping dependences of (a) condensation en-
ergy, (b) quasiparticle peak intensity and (c) the super-
fluid weight. Fig.2(b) displays the doping dependence
of SPR at k = (pi, 0), that is, the ratio of the spectral
intensity of the quasiparticle peak to the total spectral
intensity obtained from integration over an entire fre-
quency range. The SPR (normalized quasiparticle peak)
is seen to increase with hole concentration in the un-
derdoped region and reaches a maximum which occurs
above the predicted optimal doping. This is consistent
with ARPES measurements [10,16,17]. In Fig. 2(c), the
doping dependence of the predicted superfluid weight is
shown to exhibit a qualitatively similar behavior to the
condensation energy, in that there exists an increasing
trend of its magnitude in the underdoped region and a
decreasing trend in the overdoped region. In agreement
with observations, the predicted pseudogap (spin gap)
and, likewise, the spinon pairing order diminishes in the
overdoped region. Thus such decreasing trends of the
condensation energy, spectral peak intensity and super-
fluid weight in the overdoped region are correlated with
the diminishing trend of the spinon pairing order in the
same region, thus resulting in the weak coupling to holon
pair order as can be seen from the coupling term (the last
term in Eq.(5)).
In summary, in the present work we focused on a study
of the doping dependence of the bose condensation en-
ergy and thus the relevance of bose condensation to both
the spectral peak intensity at k = (pi, 0) and the su-
perfluid weight. It is shown that the bose condensation
associated with the Cooper pairs results from the inter-
play between the charge and spin degrees of freedom,
that is, the coupling between the spinon (spin) paring
and holon (charge) pairing orders and that the conden-
sation energy of U at T = 0K is well fit by the rela-
tion, U(0) ≈ αx2|∆0|
2 with ∆0, the spin gap at 0K;
x, the hole doping concentration and α a constant. In
agreement with observations [5] the condensation energy
scales well with the hole density, x, but not with the
3
electron density, 1−x for both the underdoped and over-
doped regions. Judging from the good correlations in the
doping dependence between the condensation energy and
spectral peak intensity at k = (pi, 0), the bose condensa-
tion is caused by the phase coherence of Cooper pairs
formed largely from the anti-node region of d-wave sym-
metry which has the maximum gap energy. This finding
is qualitatively consistent with experimental observations
[10,17]. We find that there exists a universality of doping
dependence in the bose condensation energy, the super-
fluid weight and the spectral intensity, by equally showing
an arch shape feature for the entire range of hole doping
concentration as shown in Fig. 1 and Fig. 2. This in-
dicates that these physical quantities are different mani-
festations of the same physical origin largely contributed
from the momentum space near the antinodal points of
the d-wave pairing order in high Tc cuprates.
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FIG. 1. The doping dependence of condensation energy den-
sity at T = 0 and of superconducting temperature Tc for
J/t = 0.2 with the U(1) slave-boson theory. The open circles
represent the predicted superconducting temperature and the
solid circles, the predicted condensation energy. The solid line
represents a fit to the condensation energy density by the rela-
tion U = J |∆f |
2|∆b|
2 ≈ αx2|∆0|
2 with α = 0.25/J .
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FIG. 2. Doping dependences of (a) the condensation energy,
(b) the normalized peak intensity of spectral function and (c)
the superfluid weight at T/t = 0.001(equivalent to 5K with the
use of t = 0.44eV [18]) with J/t = 0.2 for the U(1) slave-boson
theory.
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